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ABSTRACT

It was recently shown that there exists a family of Z? Markov random
fields which are K but are not isomorphic to Bernoulli shifts [4]. In this
paper we show that most distinct members of this family are not isomor-
phic. This implies that there is a two parameter family of Z? Markov
random fields of the same entropy, no two of which are isomorphic.

1. Introduction

Markov chains are some of the most studied and best understood objects in
both probability theory and dynamical systems. Friedman and Ornstein proved
that finite state space, mixing Markov chains are isomorphic to Bernoulli shifts
[2]. This can be extended to show that any Markov chain is isomorphic to a
permutation of a finite set, a Bernoulli shift, or the direct product of these [8].
Mixing Markov shifts satisfy the central limit theorem and have an exponential
rate of convergence to their invariant measure.

The theory for Z? Markov random fields is much more complicated from both
the perspective of probability theory as well as dynamical systems. For example,
Ledrappier created a simple Z2 Markov random field which is mixing, but is
not 3-mixing, and has zero entropy [5]. Whether there exist actions of Z which
are mixing but not 3-mixing is a long standing open question in ergodic theory
[3]. Many other people have expanded upon Ledrappier’s example to create a
wide variety of zero entropy mixing Z? Markov random fields. Even if a Z2
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Markov random field has completely positive entropy (also called K) it need
not be isomorphic to a Bernoulli shift [4].

In this paper we give another example of the differences between the ergodic
theoretical properties of Markov random fields and those of Markov chains. We
will examine the class of Markov random fields studied in [4]. We will show that
in this class most distinct members are not isomorphic. Specifically we show
that there exists an uncountable family of Markov random fields with the same
entropy in which no two distinct members are isomorphic.

2. Construction

First we give a heuristic description of a discrete time exclusion process on the
integers which was introduced by Yaguchi [9]. For a rigorous description of
this process see [9]. Arrange the integers in a vertical line, and on each integer
place a container which can hold at most one particle. At any time the state
of our system is given by x € X = {0,1}%, where z; = 1 implies that there is a
particle in the ith container. We first describe the transition probabilities and
then describe the stationary measures on X. After one unit of time each of our
particles will either stay in the same container or move down one (to a lower
numbered) container. To describe the movement of our particles we choose «,
0 < @ < 1/2. The process evolves in the following way. During each interval of
time, every particle decides independently with probability « if it wants to move
down one space. It also checks if the container below it is vacant. If both the
particle decides to move, and the container below is empty, then the particle
moves down one container. Otherwise it stays in the same container. (Note
that a particle cannot move into the container below if the container below is
occupied and the particle moves out of that container.)

The stationary measures on {0, 1}Z for this process were classified by Yaguchi.
They include a family of point masses. Define z,,(¢) = 0 for all # > m and
Zp (i) = 1 for all 4 < m. Then for each m the point mass at =, is stationary.
To describe the other stationary measures we define p to be the value between
0 and 1 which specifies the density of containers that have a particle. Yaguchi
proved that for each o and p there is a unique stationary measure on X [9].
Define v = (1/p) — 1 and

7+ 1-y(y+1)?—dya

8 5
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THEOREM 2.1 ([9]): The nontrivial stationary measures of the exclusion pro-
cess are the Markovian measures 1, , given by the transition probabilities

P(0,0):l—ﬁ/a, P(l,O):,Bv/a, P(071)=ﬁ/a7 P(171):1_/87/a

where P(p,q) = u(zir1 = g|z: = p).

To convert this exclusion process into a two dimensional space-time process
we use the space (2 = (0, 1)7‘2. S and T are the shifts down and to the left. That
is (S(w))i,; = (W)s,;41 and (T'(w))i,j = (W)it1,5- Applying T corresponds with
time increasing by one unit. The measure i = i, , on {2 has measure p = pq,,
on vertical cylinder sets and is determined on other cylinder sets by p, , and
the transition probabilities of the exclusion process.

THEOREM 2.2 ([4]): For any p € (0,1) and « € (0,.5) the exclusion process is
isomorphic to a Bernoulli shift.

Proof: This follows easily from calculations in [9]. 1

Now we describe how to alter the exclusion processes to form the class of
transformations that we will study in this paper. First we choose a value ¢
between 0 and 1. Then we assign to each particle the color red with probability
¢ and blue with probability 1 — ¢ . This is done independently for each particle.
The color of a particle does not change through time.

To do this coloring formally we use the exclusion process as a base for a skew
product with the one dimensional (c,1 — ¢) Bernoulli shift. We have already
defined Q@ = {0,1}2°. Now define Y = {red, blue}%. Define 5: Y — Y by
(o(¥)); = yi+1.- Now the process we are interested in, (S, T,Q x Y, m), is defined

as follows:
_J(Sw),o(y)) ifwop=1,
Sy = { (S(w)yy)  if w;g =0
o = FEJ70 St =0

S and T are the shifts down and to the left and o is the left shift on Y. The
measure m = Ji X v, where the measure v on Y is (¢, 1 — ¢) product measure.
Occasionally we will work with the measure m = X X v on the space dxY xY.
This is the invariant measure for a colored exclusion process where the particles
may have four colors.

We will work with the three set partition, P, which takes on values 0, red,
and blue. This partition tells us whether there is a ball in container 0 at time
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0 and, if so, what color it is. It is easy to check that these colored exclusion
processes are Markov random fields. The main result from [4] tells us that ail
of these systems are Markov random fields which are K but not isomorphic to
Bernoulli shifts.

THEOREM 2.3 ([4]): For any choice of o € (0,.5),p € (0,1), and ¢ € (0,1)
the resulting transformation is a Markov random field which is K but is not
isomorphic to a Bernoulli shift.

There is one factor of the colored exclusion process that will play a large role
in the proof. That is the factor generated by the factor map F(w,y) = w. We
refer to this as the exclusion process factor. This factor is isomorphic to a
Bernoulli shift by Theorem 2.2.

The main result of this paper is that almost any two choices of «, p, and ¢
result in transformations which are not isomorphic. We will state the theorem
precisely in the next section after we have introduced some more notation.

3. Main Theorem

In this section we state our main results. In the construction of the family of
colored exclusion processes there are three degrees of freedom. They are «, the
propensity to move downward, p, the density of particles, and ¢, the percentage
of particles colored blue. During the proof, however, it will be advantageous to
use a different set of three parameters. We call these parameters the entropy of
the colored exclusion process (as a Z? action), the average speed of a particle,
and the entropy of the colored exclusion process relative to the exclusion process
under the action of §. The formula for the entropy of the colored exclusion
process is

1—-+/1-4a(p—p?
H(@,p,0) = (@t plzo = 0,21 = 1) = - A2 TP
where we are using the notation h(c) = —(clog(c) + (1 — ¢)log(1 — ¢)). The
entropy does not depend on ¢ because the colored exclusion process is a relative
zero entropy extension of the exclusion process.

The average speed of a particle is given by the formula

1 - /1-4da(p-p*)
2p
(We will explain where this formula comes from in the next section.) The

s(a,p,¢) = apap(®o = 0,21 =1)/p =

relative entropy is given by the formula

r(a, p,¢) = ph(c).
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The main result of this paper is to show that for most triples («, p,c) and
(o, p',c) the colored exclusion processes generated by these triples are not
isomorphic. If the two colored exclusion processes are isomorphic then they
must have the same entropy (i.e., H(a, p,¢) = H(d',p',¢')). Most of this paper
is building up to the proof of Lemma 5.1. From this it will be easy to show
that if the two colored exclusion processes are isomorphic then they have the
same speed (i.e., s(a,p,c) = s(d/,p',’)). With more work we will show that
Lemma 5.1 implies that if the two colored exclusion processes are isomorphic
then r(a, p,¢) = r(a’, p', c'). These results combine to form our main theorem.

THEOREM 3.1: If the colored exclusion process given by (a,p,c) is isomor-
phic to the colored exclusion process given by (o/,p',c') then H(a,p,c) =
H(alvplacl); 5(a7pa C) = 3(a/7P’,C’); and T(a»l)a C) = r(a’,p’,c’).

By looking at the partial derivatives of the function from « and p to H and s
it is not difficult to see that it is at most two to one. In the region where o and
p are less than one half it is one to one. This gives us the following corollary.

COROLLARY 3.1: If0 < a,ax,p, 0 , ¢, < .5 then the colored exclusion process
generated by («a, p,c) is isomorphic to the colored exclusion process generated
by (o,p',c) ifand only ifa =o', p=p' and c = .

Proof: By checking the partial derivatives it is easy to see that the map from
« and p to H and s is one to one in this region. (In the interior of this region
H, >0, H, > 0, so > 0 and 5, < 0 which justifies the claim.) Thus the
previous theorem implies that o = o/, and p = p’. As h(c) is increasing in this
region the fact that p = p’ implies ¢ = ¢'. 1

COROLLARY 3.2: There exists a two parameter family of Z? Markov random
fields which are all K and have the same entropy but no two are isomorphic.

4. Notation

In this section we present much of the notation used in the proof. For the rest
of the paper we fix (a, p, ¢) and (¢, p/, ¢') and assume that ® is an isomorphism
between the colored exclusion processes generated by (a,p,c) and (o/,p', ).
We have already defined the exclusion process factor by the projection map
F(w,y) = w. We will consider the other projection map C(w,y) = y. We use
this projection to define ®*(w,y) = C(®(w,y)).
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Given w € Q we number the particles. Let I, = {j: wo; = 1} be the set of
containers which have particles at time 0. For any k > 0 define w® to be the
smallest j > 0 such that |I, N [0,5]| = k+ 1. For k < 0 let w* be the largest
J < =1 such that |I, N [j,—1]] = —k. Particle 4 is defined to be the particle
in container w’. For 7 > 0 this is the i + 1st particle you see when you start
at container 0 and then move upward. Let w>! be the number of the container
that particle ¢ is in at time ¢. To be more precise set w*° = w’. Given wh! we

set wi,t+1

=wh — 1if wyiq it =0 and Wb+ = Wt otherwise.

At various times during the proof we will use properties of a free range
process. This process is closely related to the exclusion process. This process
acts on the space R = {N}2’. Define the set Q; = {w € (0,1)%" : wop = 1}.
Define a map f: & = R by (f(w))i = w*tht — w'. We put a measure n on
R by n(A) = p({w: w € Oy, f(w) € A}. The shift operator o acts on R by
0(T)ij = Tit1,-

THEOREM 4.1: The process (R,o,n) is isomorphic to an infinite entropy
Bernoulli shift.

Proof: This follows easily from arguments in [4]. 1

We will only use that the free range process is ergodic in this paper.

By the average speed of particle 0 in w we mean s = — lim;—,o0 w**/t. By the
ergodicity of the free range process this limit is the same for almost every w.
The connection between the exclusion process and the free range process tells
us that the average speed is also

/._l,({(UI Wo,0 = 1 and Wio = 0}),

which agrees with the formula in the previous section.
During the course of the proof we will use the d and f metrics often. The d
and f metrics are defined as follows. For any m,n, and w,w’ € {red,blue}Z let

i (w0, 0") = {j:w(g) #w'(j),m<j< n}

n—-m+1
For any m,n, and w,w’ € {red,blue}? let
= k
! f— — ————
f[m,n](wvw)—l n—m+1

where k is the maximal integer for which there are subsequences of integers,
m<i;<ipg<--<igy<mnandm < j; < jo < --- < jx < nsuch that w(i,) =
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w'(jr), 1 <1 < k. Ane flo ) neighborhood of w is the set {w': fo ;)(w, w’) < €}.
Simple combinatorics show that for any ¢, 0 < ¢ < 1, there is a sufficiently small
e such that for all w the ¢,1 — ¢ product measure of the € f, neighborhood of
w is decreasing exponentially in n.

Our proof will be based on studying finite code approximations to isomor-
phisms. Since ® is measurable we can choose an n large enough so that there
exists ®, which is an € good finite approximation of ®. That means ®, is a
function ®,,: 2 x Y — P such that

L m{{(w,y): ®n(w,y) # ®(w,y)o,0}) < € and

2. Pp(w,y) = Pp(W,y) if (w,y)i; = (W,y'); for all 4,5, such that

-n<t,j<n.

Now we describe the main way in which we use the finite codes. (The sequence
®,(57(w,y)) approximates the sequence ®(w,y)o;.) We would like to find a
sequence that approximates ®*(w,y);. The sequence ®(w,y)o,; has ®*(w,y);
as a subsequence. The only symbols in ®(w,y)o,; but not ®*(w,y); are all 0.
The procedure defined below lets us extract the subsequence ®*(w,y); from the
sequence $(w,y)o,;- Now we define how we remove the zeros from a sequence
a; € {0, red, blue}Z to get a sequence @; € {red, blue}%. Let

I = {jla; € {red, blue}}.

For k > 0 define ej, to be the smallest j such that [IN{0,j]|=k+1. For k <0
define e; to be the largest j such that |I N[, —1]| = —k. The sequence we get
by removing the zeros from a; is @; = a.;.

The reason we made this definition is the following lemma. Tt tells us that
if two sequences are close in d then when we remove the zeroes we get two
sequences that are close in f .

LEMMA 4.1: Ifa,b € {0, red, blue}N, im0 #{j € [0,J]) : a; #0}/(J+1) =
p, and limy o #{5 € [0, '] 1 a; # b;}/(J' +1) < ¢, then limy_, f[oyk](d, b) <
e/ p.

Proof: Let I, = {j : a; € {red, blue}}. Let I, = {j : b; € {red, blue}}. Let
I={j:a; =b; € {red, blue}}. I is a subset of both I, and I, and has density
at least p — €. Thus there is a subsequence of density greater than (p —€)/p in
a that is the same as a subsequence in b. Thus limy_, f[O,k] (a,b) < ¢/p. ]

The main idea of the proof is that F(®(w,y)) is determined largely by w and
is largely independent of y. We will make this idea precise in Lemma, 5.1. Before
we can do that we need the following definitions. Let ® (w,y) be the sequence
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obtained by removing the zeros from the sequence ®,(S’(w,y)). The sequence
&’ (w, y) approximates ®*(w,y). At each time ¢t we also construct the sequence
(which is indexed by j) &, (TS F@@¥)") (4, 1)), Define L (w, y) to be the
sequence obtained by eliminating the zeros from the previous sequence. For
each t the sequence & (w,y) approximates ®*(w, y).

For each time ¢ we construct the sequence @n(TtSj*”“’O't {w,y)). We eliminate
the zeros from this sequence to get the new sequence ®*(w, y). Notice that the
two sequences @, (w,y) and ®*(w,y) are translates of each other. We now use
this fact to make one more definition. This will play a crucial role in Section 5.

Define d!, = d, ((w,y), ®,) so that

! (w,y) = 0% (254w, y)).

5. The main lemma

Remember we have fixed (a,p,c) and (o', p',c’). We have assumed @ is an
isomorphism between the colored exclusion processes generated by (a, p, ¢) and
(¢, p',c"). We have ®,, a sequence of finite approximations which converge to
®. We also have that ®}(w,y) and & (w,y) are sequences that approximate
®*(w,y) and %% (w, y) is a sequence that approximates g (®*(w,y)). Our goal
in this section is to prove the following lemma.

LEMMA 5.1: There exists a ®,, N, and an € > 0 such that for all T
m({(w,y): #{t € [0,T] such that |d\,(w,y)| < N} <e(T+1)}) <1-e

An outline of the proof is as follows. Given y and 3’ pick z so that z; = y;
for all ¢ > 0 and z; =y, for all : < 0. We will first show that

Jim fio (2" (w,), & (w,2)) =0.

T —>00

Then we will show in Lemmas 5.5 and 5.6 that no matter how big t becomes
|d?, (w, y) — dy(w, 2)]

usually stays bounded. We will combine this with coding arguments and the
assumption that Lemma 5.1 is false to conclude that

liminf fi_y, 4 (®*(w,y), ®*(w,2)) = 0.
k—oo ’
Similar arguments show that

liminf fj_ 5 (®*(w,y"), ®*(w,2)) = 0.
k—o0
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We show that the liminfs can be achieved on a subsequence of density near 1.
Thus if Lemma 5.1 is false then

liminf flonm (@ (W, y), ®*(w,y")) = 0.
s+ 00

This statement is Lemma, 5.7 and forms the heart of the proof of Lemma 5.1.
Then we complete the proof of Lemma, 5.1 by using a variant of Lemma, 5.7 and
Theorem 2.2 to generate a contradiction.

LEMMA 5.2: For any € > 0 there exists ®,, such that for almost every (w,y)

lim fio(®}(w,9), @ (w,y)) <.

Proof: Let @, be a finite approximation of  which is p'e good. We apply
the finite code ®,, to the sequence of points $7(w,y) for all 5 > 0. The colored
exclusion process is totally ergodic, so by the ergodic theorem for almost every
(w,y) the density of j such that ®,(S/(w,y)) # ®(w,y)o,; is less than or equal
to p'e. The ergodic theorem also tells us that for almost every (w, y) the density
of particles in ®(w,y) is p’. By Lemma 4.1, when we remove the zeros we get
that

lim f—[O,k](CI):,(wvy)a <I>*(w,y)) <e i
k—o0
LEMMA 5.3: For almost every pair (w,y) and (w,z) such that z; = y; for all
>0
lim o (®(,), 8 (w,2)) = 0.
—00
Proof:  Since z; = y; for all 1 > 0 we have that @) (w,y); = @} (w,z); for all

7 > 2n. Thus Lemma 5.2 implies that limg_, o f{o,kl(@*(w,y),@*(w,z)) < 2e.
As € is arbitrary the proof is complete. |

Define

(1)
Bl :Bl ((LU, y)7 JOv €, n)

={t: there exists J > Jy such that ﬁO’J] (adt" (@ (w,y), 25w, v))) > €},
By =By((w,y), Jo,€,n)
={t: there exists J > Jo such that fj (@ (w,y), @*(w,y)) > €},
and
B3 =B3((w,v), Jo,€,n)
={t: there exists J > Jo such that fi_, (2" (w,y), ®;(w,y)) > €}
Then set B = B, U By U Bs.
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LEMMA 5.4: For any €,¢3 > 0 there exists ®,, and Jy so that for all T

m{(w,y): #{BN[0,T]} <e(T+1)} >1—¢.

Proof: For the moment let Jy be a fixed number. For each k and ¢ such
that S*(w) € Q1 and t € B2(S*(w,y), Jo,€) there exists a corresponding j and
J > Jo such that

2 fio.n( @7 (ST THw, y)), 8 (ST (w,y))) > e.

The correspondence between k, ¢ and j,¢ is one to one. By the ergodic theorem
and Lemma 5.2, the density of j € Z and 0 < t < T such that equation (2)
is not satisfied can be made less than any ¢ > 0 by Lemma 5.2 if Jy is large
enough. By the ergodic theorem

/ #{BN[0,T]}

is the density of k € Z and 0 < t < T such that S*(w) € Q; and equation (1) is
not true. By the correspondence above this density is bounded by €'/p’. Thus
by Fubini’s theorem we have that for all T

/#{32 N[0, T)}dm < €'/p.

Similar arguments work for B; and Bs. Thus

[#Bapmdn s/

As ¢ is arbitrary the right hand side can be made arbitrarily small by making
Jo large. Thus the lemma is true. |

Our next goal is to show that if Lemma 5.1 is false then
liminf fi_s 0(®*(w,y), ®*(w, 2)) = 0.
k—o00

The basic idea is that if &}, = —N then ®!(w,y); for 0 <1 < N approximates
®*(w,y); for —N < i < 0. The first step is to show that by comparing the
sequences ®%'(w,y) and ¥} (w,y) we can determine the value of d, fairly well
no matter how big t becomes. Moreover, we will show that if y; = 2z for all
i > 0 then |d%, (w,y) —d! (w, 2)| is bounded on a set of ¢ of high density. This will
be enough to be able to use coding arguments to draw the desired conclusion.
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Given € > 0 define Cj, CY by
Cj, = {y: there exists a J > Jo such that fio (c”y,y) < €}.

Because the v’ measure of an € f_[o,k] neighborhood decreases exponentially in &
for any sufficiently large Jy we have

3) V'(Cy,) < €.

Consider the set

L=L(te (wy) = {I: fion(@h(w,y), 07 (25" (w,y))) < €/10 for all J > Jo}.
If (w,y) satisfies

(4) fio,(®5,(w,9), 2" (w,y)) < €/20

for all J > Jp, and for a given ¢ and all J > Jp

(5) Fio,.n(®7,(w,y), ®*(w,y)) < /20,

then d’, € L. This is because &% (w,y) = 0% (&*'(w,y)). Thus L is the set of
possible values of d!, consistent with &% (w,y) and ®%*(w,y) given good coding.
We will show that there exists a bound on the diameter of L which holds for
most (w,y) and t.

LEMMA 5.5: If (w,y) satisfies equation (4) for all J > Jy and diam(L) > J for
some t then ®*(w,y) € Cy,.

Proof: Let (w,y) satisfy equation (4) and let l;,ly € L such that J' =l —1; >
Jo. Then

(6) flo,0n(®%(w,y), 071 (@ (w,))) < /10
and
(7) Ffo.m(e? (@ (w,9)), 071 (85w, 1)) < 2¢/10.

Equation (6) is true because l; € L and by using J = J'. Equation (7) is true
because [y € L and by using J = 2J'. The triangle inequality implies that

.f[O,J’](‘I):L(w7y)7 UJI (@Z(w,y))) < 36/10
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Equation (4) with J = J' and J = 2J' and the triangle inequality imply that

Fio.07(®*(w, 1), 07 (8*(w,y))) < 6¢/10.
So &*(w,y) € Cy,. |

We will use L to define a function F(w,y,t) — Z so that F(w,y,t) = F(w, z,t)
if y; = z; for all ¢+ > 0 and F(w,y,t) approximates d',(w,y). To measure how
well F approximates df,(w,y) we define

Ga,e,T,F = {(way)l#{t € [07T] |F(w’y7t) - d%(wvy)I < a} > (1 - 6)(T + 1)}

If m(Gl,e,7,F) is near one then for most points (w, y) and most times ¢t < T the
quantities dt (w,y) and F(w,y,t) are less than a.

LEMMA 5.6: For any € > 0 there exists a function F such that F(w,y,t) =
Flw,z,t) if y, = z; for all 1 > 0 and
ali%lo 1r%fm(Ga,€,T’p) =1.

Proof: Jy will be specified later. We define F' as follows. Given any ¢,w, and
a;,1 > 0, find y such that

1. a; =y; forall ¢ > 0,

2. fio,n(®(w,y), ®*(w,y)) < €/20 for all J > Jo,

3. fio.n(®4(w,y),®*(w,y)) < €/20 for all J > Jo, and

4. ®*(w,y) ¢ Cy,.
Then define F(w,y,t) to be any [ € L. If (w, 2) and ¢ also satisfy conditions 1
through 4 then by the previous two lemmas d, (w, 2) € L(w,y,t) and

|F(w,2,t) — db (w, 2)| < Jo.

We need to show that the measure of G, . 7,r can be made arbitrarily close
to 1. If (w, z) satisfies conditions 2 and 4 and

#{t:t € [0,T] and f—[oyﬂ(@ﬁl(w,z),é*(w,z)) < €/20 for all J > Jo}
>(1-€e)(T+1)

then (w, 2) € Gy,,e,r,r. Lemma 5.2 shows that for large Jo the measure of the
set of (w, z) that does not satisfy condition 2 is less than e¢. By Lemma 5.4 the
measure of points that do not satisfy equation (8) can also be made less than €
for large Jy. We also have that v/ (C},) < € for large Jo.

Thus for any sufficiently large Jo and any T' we have m(G j,,e,,r) > 1 — 3e.
As € was arbitrary

lim inf m(Ge.r,r) =1 ]
a—oo T
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LEMMA 5.7: If Lemma 5.1 is not true then for almost all (w,y) and (w,y")

hkm inf f[_hk] (<I>*(w, y)7 (I)*(wa y,)) =0.
E— 00

Proof: 1If Lemma 5.1 is not true then for any N, T, and sufficiently small ¢
there exists ®,, so that either

9)  m({(w,y): #{t € [0,T] such that d, < =N} < 5¢(T +1)}) < 1 — 5e,
or
(10)  m({(w,y): #{t € [0,T] such that dt, > N} < 5¢(T +1)}) <1 - 5¢.

Without loss of generality we will assume that it is the former. If both are true
then we could replace the liminfs with a limit.

Fix € < 1/100. For the moment assume that N, n, and ®,, are fixed. We want
a to be large enough so that for all T sufficiently large

(11) m(Ga’67T7F) >1-—c

This can be satisfied because of Lemma, 5.6. Given y and ¢’ let 2 be chosen so
that z; = y; for all i > 0 and 2z, = y; for all ¢ < 0.

Let D be the set of three-tuples (w,y,y’) such that there exists a t where

1. F(w,y,t) = F(w,z,t) < =N,

2. |F(w,y,t) —di(w,y)| < a,

3. |F(w,z,t) — di (w,2)| < a,

4. fropo(®h(w,y),®*(w,y)) <€ for all k > a, and

5. fiok0)(®h(w,2), ®*(w, 7)) < € for all k > a.
By equations (9) and (11) and Lemma 5.4 it is possible to choose a,n, and &,
and arbitrarily large N so that

m(D) > 0.
Because y; = z; for all ¢ > 0
35w, )i = 854w, 2)
for all ¢ > 2n. Combined with the facts that |d,(w,y) — & (w, 2)| < 2a,
B (w,9) = o~ H V(@] (w,9)

and

) (w,2) = 0~ =D (81w, 2))
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there exists a j, |j] < 2a, such that

for all 1 > d,(w,y) + 2n. In conjunction with conditions 4 and 5 this implies
that

f=k,0(®" (w,9), 2" (w,2)) < 2¢ +2a/k

for all £ such that Jy < kK < N — 2n. As ¢ is arbitrary, and for a fixed ¢ and a
the choice of IV is arbitrary we get that

khm fT[—k,O]((I)*(wvy)7 (I)*(wv Z)) =0.
t—00

By Lemma 5.2
khm f[—k,O]((I)* (wa y/)v é*(wv Z)) =0.
v =00

Thus

(12) kllm f[—k,O]((b*(w’y)v (I)*(w’y,)) =0.
G—00

The set of triples (w,y,y') which satisfy equation (12) is shift invariant. It has
positive (/) measure because it contains D which has positive measure. Thus
by the ergodic theorem it has (+2) measure 1. By choosing z so that z; = y; for
all ¢ > k and z; = yj for all 1 < k and repeating the previous analysis we can
show that for most w,y, and 3’

(13) fiokn (@ (w,9), 2 (w,y") <e
As € and k were arbitrary this implies that

liminf fi_g 5 (®* (w,9), ®*(w,¥/)) =0. W
k—o0

We will use the previous lemma in a slightly different form.

LEMMA 5.8: If Lemma 5.1 is false then for any e > O there exists an n large
enough so that there exists a Jo and a function M: Q x Y — {red, blue}? so
that
1. for any N if w;; = wj; for all but m pairs (i,5) such that |if < n and
|7l < N then

#{1 € [0,N]: M(w,y) # MW,y )i} <m(2n +1)

and
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2. m({(w,y): f_[O,J](M(w,y),Q*(w,y)) <e})>1—e€forallJ> Jy.

Proof: Equation (13) shows the existence of n and a map M": Q xY —
{red, blue}[%*] such that M'(w,y) = M’ (v, y') if (w,9)i; = (W',y'):; for all
lil,|5] < n. M' also has the property that

m({(@,9): fiokx)(M'(w,y), ®*(w,y)) > €¢/10}) < €/10.
Concatenating M’ gives the desired M. |

Given € > 0, N, and M from Lemma 5.8 we say a point (w,y) codes well
for M if
L fio.m(M(T~"(w,y)), 2" (T ™(w,y))) < e and
2. fio,m(M(T*(w,y)), ®*(T*(w,y))) < € for at least 3ep’N/4 of the
i € (0,ep’'N).
Lemma 5.8 implies if N > Jy

(14) m({{w,y): (w,y) codes well for M}) > 1 — 5e.
Let @ be the partition of 2 X Y determined by wg . Let
Qu.n = {w' wij = w; ; for all (4, 5) such that i <0 ori < N and j < 0}.
The set @, v and ®* induce a measure v,, y on {red, blue}% by
vo,n(4) = (mlg, » ){(W',¢) : 2" (W',y') € A}).

We say a measure ) is € contained in an ¢ f_[o’ ~] neighborhood if there exists
a set S such that A(S) > 1 —€ and f[O,N](a,b) < eforeach a,be S.

LEMMA 5.9: If Lemma 5.1 is not true then for any € > 0 there exists Ny such
that for all N > Ny

(15) p({w: v, N is € contained in an € fig ) neighborhood}) > 1 —e.

Proof: Assume Lemma 5.1 is not true. Then the conclusion of Lemma, 5.8 is
true with ¢ replaced by €2/20. Let M, J, = No and n be from Lemma 5.8. Let
Ny > 4n/e. Thus by equation (14) for all N > Jy the set of points that don’t
code well for M has measure at most /4 + Np. For any w’,w” € Q, v

M(T™™W',y") = M(T™"(w",y")).

Thus if w',w” € Qu n and both (w',y') and (W”,y") code well for M then
condition 1 in the definition of codes well for M implies

Fom(@(T7"(W',y"), @*(T7"(w",y"))) < €/10.
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Because N > 4n/e

fom(@*(',y), @ (T7"(w',y) < e/4

and

Fo.m (@ (w",y"), @1 (T7"(w",y"))) < e/4.
Thus
f[o,N](‘I’*(w',y/), q)*(wl/1yl/)) < €.

Thus if all but an e fraction of the points in ¢, n code well for M then v, ) v
is € contained in an € f[o’ ] neighborhood. By Fubini’s theorem this proves the
lemma. ]

Now we show that if Lemma 5.1 is false then Lemma 5.8 and Theorem 2.2
imply for most w the measure v, x is not € contained in an ¢ f[O, ~] neighborhood.
Theorem 2.3 and the very weak Bernoulli condition for Z? actions give us the
following lemma.

LEMMA 5.10: As the factor generated by @ is isomorphic to a Bernoulli shift
for every r > 0 and ¢ > 0 and any arbitrarily large N and a set G of measure
at least 1 — € so that for any point (w,y) € G

(16) &3 o (M (mlgu.w)) < e

Proof: This is just a restatement of the very weak Bernoulli condition for the
factor generated by @ [1]. |

LEMMA 5.11: If Lemma 5.1 is not true then for any € > 0 there exists an Ny
such that for all N > Ny, there exists a set S such that m(S) > 1 — € with the
following property. For any (w,y) € S there exists a coupling ¢ of v’ and v,
with
(17) c({{y1,y2): fo,n(y1,y2) < 5e}) > 2.
Proof: Choose Ny as follows. First use Lemma 5.8 to get M, Jy and n. By
Theorem 2.2 the exclusion process is Bernoulli thus very weak Bernoulli. So
we can choose Ny > Jp large enough so that equation (16) is satisfied for all
N > No/p', with € replaced with €2/(2n + 1) and r replaced with e.

Fix N > Ng/p'. Now we define S to be all (w, y) which code well for M. There
exists a set of relative measure 1 — € in @, n of points which code well for M,
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and (w,y) € G from the definition of very weak Bernoulli. Thus m(S) > 1 —e.
Fix (w,y) € S. Since (w,y) € G

3 s i0n ) (M (Ml@u ) < €/(2n +1).

Thus the number of ¢ € (0,€ep'N) so that

J[i—n,i+n]><[0,N/p’](mv (lew,N)) < 362/(271 + 1)

is at least eN/2p’. By the previous line and condition 2 of the definition of
codes well for M there is at least one % so that

(18) 2 cempion o M (lauy)) < 36¢2/(2n +1)

and

(19)  mlq,.. {(wi,31): fo, ) (M(T* (w1, 1)), ®* (T (w1, 1)) < €}) > .25.

Equation (18) and Lemma 5.8 imply that there exists a coupling ¢ of (m|g, )
and m such that for the given ¢

(20) &({(w1,y1)(wa,y2): fio.n) (M (T (w1,91)), M(T" (w2, 2))) < 2¢}) > 1 — 2.

Combining equations (19) and (20) we get that
21)  e({(wr, y1)(wa, y2): fo,n) (@ (T (wi, 91)), M (THwz, y2))) < 3e}).22.
By condition 2 of Lemma 5.8 we have that
m({(wz,y2) : fio,m)(M(T* (w2, 92)), " (T* (w2, 42))) < €}) > 1 —e.
This also implies that
e({(wr, 1) (w2, 92): fio,w)(@*(TH(wn, 1)), B (T (w2, y2))) < 4e}) > 2.

Thus v7i(,),x can be coupled with ' so that 1/5 of the mass is on points within
4¢ in f[o’ ~)- As ¢ < eN we have that there exists a coupling ¢ of +' and v, ,,
with

(22) c({(y1,v2): fo,mW1,92) <5e}) > 2. B

Proof of Lemma 5.1: Suppose Lemma 5.1 is not true. Then the conclusions of
Lemmas 5.9 and 5.11 are true. Thus we can choose € and N such that equations
(15) and (17) are satisfied as well as the inequality

(23) vV x V' ({(z,2'): flo,n)(z,2") > 20e}) > 1—e.
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There exists y,y’, 2,2’ € {red, blue}” such that

(v:,y') € A= {(y1,92): f[o,N](y1,y2) < 5S¢},

(y,2), (v, 2") € {(z,2): f[O,N](x,x') > 20¢}

and
(2,2") € {w: vy, N is € contained in an € fj y) neighborhood}.
As (y,y") € A
fio,n (¥, 9') > 20,

but

.)(T[O,N] (y,2) < 5e
and

f[o,N](y’vzl) < Je
and

f_[o,N](z,z') < 5e.
This is a contradiction. |

It follows easily from Lemma 5.1 that the average speed is an isomorphism
invariant.

COROLLARY 5.1: If the colored exclusion process generated by (a, p,c) is iso-
morphic to the colored exclusion process generated by (¢, p/, ') then s(a, p,c) =

s(e/,p',c).

Proof: 1If s(a, p,c) # s(a’, p’, ') then there can be no isomorphism ® that sat-
isfies the conclusion of Lemma 5.1. Thus the two processes are not isomorphic.
[ |

6. r(a,p,c) is an isomorphism invariant

We will use Lemma 5.1 to show that r{a, p,c), the relative one dimensional
entropy of the coloring, is an isomorphism invariant. Here is a sketch of the
proof. First we find a finite code ®,, which is a very good approximation of
®. We want N to be much larger than n, the size of the finite code. Since ®,
approximates ® well, ® (w,y) determines &*(w,y) up to a small error in f.
We will show that ®*(w,y) depends mostly on y. The values ®%¢(w,y);,
0 < i < N, approximate the color of some particles in ®*(w,y) up to a small
error in f. Because of Lemma 5.1, we can choose N large enough so that a fixed
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fraction of the time |d,| < eN. This ensures that for a fixed fraction of the time
&5t (w,y)i, 0 < i < N, is approximating ®*(w,y);, 0 < i < N (in f). The fact
that ®!(w,y) depends mostly on y will imply that the relative entropy is an
isomorphism invariant.

Given €, e and N we say a point (w,y) codes well for & if there is a set
S = S(w,y) C Z of upper density at least 9¢y such that

1. forallt€ S, |dt| < ep'N,

2. forallte S

(24) f[O,p’N](q)*(w7y)7®fl(wvy)) < 2,

3. .f[O,p'N]((P*(wvy)7(I>:L(way)) <e, and
4. wPN > (F(®(w,y)))t=9¢'N 1 2n,
Note that conditions 1, 2 and 3 imply that for allt € S

ﬂo,p’N]((I):L(w’ y)a Q*’t(wv y)) < Ae.

LEMMA 6.1: There exists eg > 0 such that for any € > ( there exists N such
that the measure of points that do code well for ®;, is at least 5ep.

Proof: By Lemma 5.1 we can choose ¢ so that for all NV sufficiently large and
forall T

m({(w,y): #{t: t € [0,T] where |d%,(w,y)| < ep'N} < 10e0/(T + 1)}

25
(25) < 1-— 10€.

Without loss of generality ¢ < ¢y. By Lemma 5.2 we can choose ®,, and Jy so
the set of (w,y) such that for all J > Jo

(26) fT[O,J](Q:L(UJ?y)’ ¢*(wv y)) <e¢

has measure > 1 —e. We also want Jy < ¢p’ N, n < ep' N and for Lemma 5.4 to
be satisfied.

Condition one is satisfied for a set of measure at least 10eg by equation (25).
By Lemma 5.4 the measure of points that satisfy the second condition is at
least 1 — €. The third condition is satisfied by a set of measure at least 1 — ¢
by equation (26). The strong law of large numbers for a Markov chain implies
that for large IV the last condition is satisfied on a set of at least measure 1 —e.
Thus if N is sufficiently large the measure of points that do code well for @, is
at least Teg. |
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Given €,¢p and N define H: {red,blue}¥* — {red,blue}"*" as follows. For
each a; € {red, blue}"V* choose a point (w,y) that codes well for ®* so that
a; =¥;,0 <i< Np, and (w,y) satisfies the ergodic theorem for all cylinder sets
in the free range process, if possible. Then define H(y); = &} (w,y);.

LEMMA 6.2: For all € > 0 there exists an N large enough and G C Q2 x Y,
m(G) > 2, such that if (W',y’) € G then

.f[O,p’N]((b*(w,7y,)7 H(y’)) < 10e.
Proof:  Given («',y') let (w,y) be the point used in the definition of
H(yy, .-, y,n), if it exists. We say (w',y") € G if
1. (w,y) satisfies conditions 3 and 4 in the definition of codes well for @ and
2. there exists a t € S(w,y) so that

(27) Wi = W0t it

for all |j| <mnand 0 <i <wPV,

Given such an (/'

tesS

,Y') we get t € S(w,y). Since (w,y) codes well for ®; and

(28) .f[O,p’N](q):L)t(W, y)’(I):;(w, y)) < 4e.

Since (w',y’) satisfies equation (27) and condition 4 of the definition of codes
well for @7, and (w,y) codes well for ® then

(I);,(wla y,)i = Q:l’t(w7 y)l

for all ¢ such that 2n < i < (1 — €)p’N. Combined with equation (28) and the
fact that H(y') = @ (w, y) this implies

f[O,p’N](‘I’Z(wlyyl)aH(y')) < Be.
Because (w’,y’) satisfies condition 3 of coding well for ®} we have that
fo.on(®* (W), 85 (W', y") <e
Putting this together gives

ﬁO,p’N](q)*(wlvy’)7 H(y’)) < Te. E
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LEMMA 6.3: If the colored exclusion process generated by (o, p, ¢) is isomorphic
to the one defined by (o/, p', ) then ph(c) = p'h(c').

Proof: Suppose p'h(c') — ph(c) = 6 > 0. Get ¢y from Lemma 6.1. Then choose
N and € so that any set A such that v'(A4) > €9/2 cannot be covered by

o(h(c)0'~8/2N _ o(h(c)o+5/2)N

neighborhoods of f[o,p/ ~) diameter 10e. We also want N and ¢ so that there
exists a set B such that v(B) > 1 — €y/2 which can be covered by 2(A(c)p+3/2)N
cylinder sets of length pN. Finally we get G from Lemma 6.2.

This is possible by the Shannon-McMillan-Breiman theorem and the fact
that the v’ measure of an 10¢ f[oyp, ~) neighborhood of almost any y' can be

made less than
9—(r(c')p'~8/2)N _ o—(h(c)p+d/2)N

if € is small enough and N is large enough. Thus there exists a subset S ¢ BNG
with (S) > €,/2 which can be covered by 20M)p+8/IN cylinder sets and to
which Lemma 6.2 applies. By applying Lemma 6.2 there exists a set H(S) with
V'(H(s)} > e0/2 and H(S) is covered by 2(*(c)pT8/2)N10¢e i . 1 neighborhoods.
This is a contradiction. The other inequality comes from the same analysis
applied to 1. |

Proof of Theorem 3.1: The entropy of the colored exclusion process is an iso-
morphism invariant. Corollary 5.1 implies that the speed is also an isomorphism
invariant. Lemma 6.3 says the relative entropy of the colored exclusion process
is an isomorphism invariant. |
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